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Gravitational Lensing is a unique tool to constrain the mass distribution of col-
lapsed structures, this is particularly true for galaxies, either on a case by case basis
using multiple images of background sources (such as quasars), or statistically us-
ing the so called galaxy-galaxy lensing technique. First, I will present the lensing
theory, and then discuss the various methods applied to current observations. Fi-
nally, I will review the bright future prospects of galaxy lensing that will benefit
of the development of high resolution, large, wide and deep (lensing) surveys.
1 The Theory: – What Do We Expect –
Although, Astrophysics is generally a question of detecting photons and making
sense of them using various physical theories, Gravitational Lensing (GL) is
generally a question of understanding the light paths of these photons which
then allow to probe the intervening mass distribution. Thus GL must be
seen as a useful tool (in a similar way as stellar dynamics) to probe the mass
distribution of galaxies - objects of interest in this Conference.
1.1 Useful Gravitational Lensing Equations
A lens operates a transformation from Source plane to Image plane that is
merely a simple 2D-mapping that can be describe by 3 equations relating the
Source and Image properties:
1. Position: ~θS = ~θI − ~∇ϕ(~θI) (1)
this equation give the position of the source ~θS for an image at position
~θI ; ϕ is the lensing potential that relates to the projected Newtonian
potential by: ϕ = 2c2
DOS
DLS
φ2D. Furthermore, as the mapping is purely
geometrical, the surface brightness of the objects are conserved through
the equation: S(~θI) = S( ~θS).
2. Shape:
d ~θS
d~θI
= A−1 =
(
1− ∂xxϕ(~θI) −∂xyϕ(~θI)
−∂yxϕ(~θI) 1− ∂yyϕ(~θI)
)
≡
(
1− κ− γ1 −γ2
−γ2 1− κ+ γ1
)
(2)
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This equation defines the inverse of the amplification matrix A−1 at the
image position ~θI . The image magnification µ is defined as: µ
−1 =
det(A−1) and the reduced shear (distortion induced by the mass distri-
bution) is ~g = ~γ1−κ where 2κ = Σ/Σcrit, with Σcrit =
c2
4G
DOSDOL
DLS
the
critical density. We also define the absolute shear γ¯ = DOSDLS γ which is
independent on the redshift of the lens and the source and only depends
on the mass distribution.
3. Time: ta ∝
1
2
(~θS − ~θI)
2
− ϕ(~θI) (3)
This equation defines the arrival time of an image at position ~θI . The
difference between two images gives the time-delay. Originally it was
foreseen to use the time-delay to constrain the Hubble constant H0, but
it does strongly depend on the exact mass profile and distribution. There-
fore, assuming a reasonable value for H0, the measure of the time-delay
can put strong constraints on the mass distribution, in particular in con-
straining the total convergence of the lens.
We will concentrate here on the determination of the mass distribution,
thus assuming that we have measured the source and lens redshifts as well as
determined/fixed the cosmology.
1.2 Case of a Circular Mass Distribution
All 3 equations depend on the lensing potential ϕ either by its gradient (po-
sition), its second derivatives (shape/amplification) or its value (time-delay).
For a circular mass distribution, it is easy to show that ∂rϕ =
m(r)
r , and that
all lensing equations can be written as functions of m(r)r ∝ Σ¯(< r). Note that
constraints are absolute in the case of multiple images but are only relative in
terms of shear (galaxy-galaxy lensing) as in this case m(r)r can be expressed as
an integral for which the limits are not always well defined [this is also true in
cluster lensing and this effect is related to the mass sheet degeneracy].
1.3 Galaxy Mass Distributions - parametric vs. non-parametric
Parametric approaches have been favored from the beginning of lensing, as
it provides simple formulae and gives analytical expressions of most or all
the necessary lensing quantities. First, circular models were used like the
point mass model; the singular isothermal sphere (SIS); the isothermal sphere
with a core, with a truncation; the NFW model (Navarro et al 1997); and
recently more general cuspy models have been proposed (Holley-Bockelmann et
2
al 2001). The diversity of circular models has increased to allow more freedom
in the radial profile of the mass distribution, in particular following the recent
developments of numerical simulations of Dark Matter halos. By changing the
slope of the mass profile we can for example fix the image position but then
allow a wider range of acceptable time-delay or flux-ratio between multiple
images as these quantities will effectively depend on the radial profile.
Of course, circularity is not likely to be the property of galaxy mass dis-
tribution, hence the need of elliptical mass distribution. However only the
simplest mass profiles have an analytical expression for the elliptical mass dis-
tribution. For the more complex ones (such as the NFW model or the cuspy
models), either pseudo-elliptical models (Golse & Kneib 2001) or numerically
integrated expressions have been proposed (Munoz et al 2001).
The interest of parametric expressions is their easy use, and their predictive
power. Furthermore, they are usually physically motivated and thus generally
dynamically stable.
The non-parametric methods have been developed in the strong lensing
regime to allow more freedom in the expression of the mass distribution. In
general, the mass distribution is represented as a pixelated array in the mass
plane or alternatively in the potential plane; the former being generally chosen
as it allows to use linear expressions (Saha & Williams 1997). Non-parametric
1D and 2D methods have been developed for cluster weak lensing, however
only the 1D mass reconstruction from the weak shear profile is of interest for
galaxy lensing. Although interesting, these approaches are poorly predictive
and generally proposed dynamically non-stable solutions.
Both methods should be explored as their results can be complementary,
however in the future we ought to develop multi-scale/multi-component mod-
eling which will take the best of the two current competing methods.
2 Observations: – Where Do We Fight –
Better are the observations in terms of position, shape, time-delay, better
will be the constraints on the galaxy mass distribution that can be derived.
However, strong and weak lensing constraints usually do not overlap, in the
sense that strong lensing focus on the 1 to 10 kpc region, and the weak lensing
on the 10 to 100 kpc region.
2.1 Strong Lensing: Constraints and External Shear
Because the number densities of background galaxies/quasars is small com-
pared to the physical size of a lensing galaxies, we currently know only a small
number of strong lensing systems.
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For a multiple quasar system, if N is the number of multiply images ob-
served, we thus have (as a maximum): 2(N − 1) constraints in position, N − 1
constraints in amplification, N − 1 constraints in time-delay. For a double sys-
tem, it means a maximum of 4 constraints, but 12 for a quadruple system. Of
course, external constraints are usually used, like the observed lensing galaxy
center, its ellipticity and position angle (that is generally a maximum of 4).
This is to compare to the description of the mass distribution of a galaxy which
is represented at least by 6 or 7 parameters: x, y, ε, θ, σ0, rc, rcut, α ...
One can see that for double quasar the number of constraints is of the
order of the number of free parameters, and that generally quadruple system
are over-constrained (assuming a one clump mass model).
Of course larger number of images can arise like the 6 image B1359+154
(Rusin et al 2001) or the 10 image radio-lens B1933+503 (Cohn et al 2000),
but generally they also need more complex mass distribution to be properly
understood. An interesting avenue, is to detect the host galaxy of multiple
quasars, indeed, the larger the number of structures identified in the host
galaxy the larger the number of constraints on the mass distribution. If the
host is sufficiently extended, then it will form an Einstein ring as it has been
recently observed and discussed by Kochanek et al (2001). However, lensing
constraints are local and thus will only shade light on the mass distribution
at the location of the images. Thus ideally, we would like to observe multiple
images at different radius from the galaxy center, in order to probe accurately
the mass profile.
The current situation has enable to show that rarely a perfect fit is obtained
with only one mass clump centered on the main lensing galaxy (e.g. Keeton,
Kochanek, Seljak 1996). The simplest way to improve the fit is to introduce
what is called external shear: a mathematical tweak of 2 parameters (the
intensity γE and its orientation θE). The only, but important drawback on the
use of the external shear is that it is not physically motivated has it has no
mass. Understanding the origin of the external shear is currently an important
GL question.
There is four possible origins to the external shear: 1) the main galaxy itself
(by allowing the radial mass profile to change for an elliptical mass distribution)
[as e.g. in HE2149-27, Burud et al 2001]; 2) nearby galaxies [as in most
systems?]; 3) nearby group of galaxies [as e.g. in PG1115, in HST14176];
4) nearby cluster of galaxies [as e.g. in RXJ0911, Kneib et al 2001].
The external shear contribution increases with the size of the mass per-
turbating the system, and decreases with its distance to the lensing system.
Clearly, nearby galaxies are the most likely origin, and clusters the less likely.
However because most of strong lensing galaxies are ellipticals the presence of
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a nearby group or cluster is not surprising, as ellipticals are usually found in
dense environments.
To gain more information on the line of sight mass contribution, deep, wide
multi-color images, followed by a redshift survey of the nearby structure, or
a deep X-ray observation, are needed to quantify precisely the different mass
components and to explain the origin of external shear.
2.2 Galaxy-Galaxy Lensing: Scaling Laws and Recovery Methods
As massive clusters in their outskirts, foreground galaxies distort background
galaxies following the weak lensing equation that reads (in the weak regime
approximation): ~εI = ~εS + ~g where g =
γ
1−κ ∼ γ is the reduced shear. By
averaging over the (a priori) random orientation of the sources the mean ellip-
ticity of the images equals the reduced shear: < ~εI >= ~g, and the dispersion of
the measurements is σg =
σεS√
N
. As σεS ∼ 0.25, ideally, for a 4-sigma measure
the number of galaxies needed scales as N ∼ g−2. However due to the mea-
surement errors (cirularisation and anisotropies of the PSF — see a number of
contributions in this conference) the number of galaxies needed scales probably
more as N ∼ 2 − 3× g−2. As we are probing regions with g ∼ 0.01 to 0.0001
a very large amount of quality data is required.
However this simple calculations over simplify the problem, indeed galaxies
have different sizes, luminosities, masses and are not at the same redshift.
Using a simple approach, one can only constrain the mass of the average galaxy
which is not exactly what we aim to learn. Therefore, it is important to use
scaling laws and tune them try to understand better the mass distribution of
galaxies in their diversity.
The first critical scaling is the distance. Ideally, one wants to know the red-
shifts of the lensing galaxies as they will allow to define their angular diameter
distances, and estimate their luminosities from their broad band magnitudes.
It is thus clear that any weak lensing survey with multicolor and spectroscopic
informations (for the brighter galaxies) is of critical importance when we want
to relate the galaxy-galaxy lensing signal to galaxy mass distribution (e.g. the
LCRS galaxy-galaxy lensing analysis: Smith et al 2001, and the recent SDSS
analysis: McKay et al 2001). Not having a spectroscopic redshift, one can
alternatively used photometry redshifts or any redshift informations that can
be derived from the broad-band photometry (e.g. the early work of Brainerd
et al 1996).
The second scaling is to assume that the mass distribution can be repre-
sented by a universal mass profile which depends only on a very small num-
ber of parameters. The general approach first proposed by Brainerd et al.
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(1996) is to scale the velocity dispersion σ and truncature radius rcut of an
isothermal profile with the galaxy luminosity following some general prescrip-
tion like the Faber-Jackson law: σ = σ∗(L/L∗)
1/4, the Kormendy relation:
rcut = rcut∗(L/L∗)
0.8 [implying (M/L) ∝ L0.3] or assuming (M/L) = cste
whatever the luminosity [implying rcut = rcut∗(L/L∗)
0.5]. Of course, this is
really the simplest one can assume, the mass distribution may depend on the
effective radius of the galaxy and/or its morphological type, the exponent in
the scaling relations may be different that the standard ones. Furthermore,
the truncated isothermal sphere may not represent the correct universal mass
profile, hence other mass profile such as cuspy models should be investigated.
Finally, galaxy mass distribution is likely not circular. Thus, one want to
relate the ellipticity of the mass to the ellipticity of the light (by reason of
symmetry they should have the same orientation). Either one can assume that
mass and light have the same ellipticity or one can try to understand what is
the scaling law relating the 2 ellipticities.
The simplest recovering technique is what we can call the direct averaging
where we try to estimate the mass distribution directly from the PSF corrected
measured ellipticities (e.g. Bridle et al in this conference proceeding). Basically
this means we estimate the absolute shear for a galaxy pair (the foreground and
background galaxies separated by a distance r) at a scaled distance r/rs (rs is
estimated from the foreground galaxy properties, such has the half-light radius,
or a luminosity scaled radius) by averaging background galaxy ellipticities:
γ¯(r/rs) =<
DOS
DLS
ǫI(r) >
where the ratio of the angular distances corrects from the redshift difference
from one galaxy pair to another.
Although this direct technique is very simple and robust, it allows only sim-
ple scaling for the mass, and the non-trivial contribution of galaxy clustering
is directly included in the results, giving more an estimated of the galaxy-mass
correlation function than the exact mass distribution of an average galaxy. Fur-
thermore, 1) the mass derived from the shear γ suffers from the so-called mass
sheet degeneracy hence making difficult to derive any absolute mass estimate;
2) the direct average signal is washed out by any large scale mass distribution
and thus should not be applied directly in galaxy cluster fields (Natarajan &
Kneib 1997).
The alternative to the direct approach, are inverse methods, such as the
maximum likelihood methods presented in Schneider & Rix (1996) and Natara-
jan & Kneib (1997). In these methods, we consider each (background) galaxy
i lensed by the nearby (foreground) galaxies. Assuming some scaling laws (see
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above) one can predicts the expected induced distortion on each (background)
galaxy and thus compute its intrinsic ellipticity ~ǫSi. Then by maximizing the
likelihood L = ΠpS(~ǫSi), where pS is the unlensed galaxy ellipticity distribu-
tion, one will be able to derive the best model that fits the observed data.
This strategy, although complex, allows to 1) probe various scaling laws,
2) test different form for the mass distribution profile, 3) use elliptical mass
distribution, 4) model higher density environments like groups or clusters; thus
this is the one to select specially whit good quality data which is likely to be
the case for current and future surveys.
2.3 Strong and Weak Lensing: Galaxy in Clusters and Mass Evolution
It has been realized (e.g. Kneib et al 1996) that is is compulsory to take into
account the mass distribution of galaxies in clusters to accurately model the
lensing distortion. In fact as shown by Natarajan & Kneib (1997) the presence
of a large scale mass distribution boost the galaxy-galaxy signal making it
easier to detect if one used an adequate method. This is opening prospects
to try to understand how the mass distribution is (re)distributed from small
scale to large scale as a function of time and local density. Such results will be
of great interest and will be important to compare to numerical simulations.
Such results are just coming along (Natarajan et al 2000) and are likely to be
of great interest with the development of weak lensing surveys.
3 The Future: – How Will We Do –
To better understand the higher mass densities of galaxies, we will need to en-
large the number multiple image systems. This will come either by current fa-
cilities - for example searching for small separation multiple quasars in the new
quasar surveys (SDSS, 2dF) or by future surveys (ACS/SNAP/NGST/radio).
When we have increased the number of systems from the current ∼ 30 to more
than one thousand, we should be able to probe accurately the galaxy mass
distribution vs. galaxy type, environment and redshift. We also need to bet-
ter constrain the current multiple image systems, this is possible by probing
more accurately the line-of-sight mass distribution (origin of the external shear,
measure of the time-delay, accurate redshifts) and by applying strong+weak
lensing techniques.
Galaxy-galaxy lensing is likely to become sort of an industry with the de-
velopments of high quality imaging and spectroscopic surveys and will allow to
test the various scaling laws and possible universal mass distribution. When
applied to cluster survey, galaxy-galaxy lensing will allow to test the stripping
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efficiency on galaxy scale in higher densities environment. A possible inter-
esting avenue, will also to conduct quasar-galaxy lensing survey to probe the
weight of QSOs and their hosts and compare this results to normal galaxy
mass distribution.
In short, there are good prospects to learn more on galaxy mass distribu-
tion (baryonic and dark matter) in the near future!
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